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Abstract 

For sp(n + 2) and each exceptional Lie algebra a realization of depth 
2 preserving the spaces spanned by a contact one-form and a bilinear 
form is given. For z-? and a realization of depth 1 preserving a 
lightcone and the space spanned by a bilinear form is also presented. 
This makes the origin of the exceptions clear. 



1 Introduction 

The exceptional simple Lie algebras t%, 67, e6, fi and fj 2 were discovered 
over a century ago. Although many things are known about them, they still 
remain somewhat of a mystery. The purpose of this work is to describe them 
in a way that makes their existence obvious and inevitable. 

In PI the exceptions were presented as algebras of vector fields, i.e. sub- 
algebras of uect(n) for some n. tj and e$ can be described as a graded Lie 
algebra of depth 1 (three-graded structure, conformal realization): 

= 5-1 + 00 + 01, 

and every exception can be described as a graded Lie algebra of depth 2 
(five-graded structure, quasiconformal realization): 1 



= 0-2 + 0-1 + 0o + 01 + 02- 

Unfortunately, vector fields of positive degree are non-linearly realized, which 
makes the description in :2 quite opaque. However, it is known that the 
classical simple Lie algebras, both the finite- and infinite-dimensional ones, 
are best described as vector fields preserving some structure, be it a differ- 
ential form, a bilinear form, or a subspace spanned by certain forms. In the 
subsequent sections similar descriptions for the exceptions are given. 

1 Unfortunately, standard notation for the degree 2 subspace coincides with the excep- 
tion 02- 
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The main idea is that the preserved structures are completely determined 
by vector fields in g_2 + 0-i + 0o- This is the basis for the method of 
Cartan prolongation, extensively developed by Leites and Shchepochkina in 
the context of infinite-dimensional Lie superalgebras ^ The strategy 
used in the present paper can thus be summarized as follows: 

1. Find a realization of 0_2 + 0-i + 0o on C n ; in most cases, this has 
already been done in [2j. 

2. Determine the structures preserved by these vector fields. 

3. Define as the subalgebra of Oect(n) preserving the same structures. 

This strategy was employed to find realizations of three exceptional Lie 
superalgebras in [HJ. 

This method has the drawback that one can not be completely certain 
that the resulting algebra is the right one. However, vector fields preserving 
some structure automatically define a closed subalgebra, and this subalgebra 
is not empty since it contains the right vector fields at non-positive degree. 
Moreover, and unlike the algebras themselves, the preserved structures have 
very simple and natural descriptions, which makes me believe that this is 
the best way to understand the exceptional Lie algebras. 

All infinite-dimensional simple Lie algebras of vector fields can also be 
described as graded algebras, i.e. 

= g-d + ••• + 0-1 + 00 + 01 + 02 + 

where the depth d < 2; there are two Lie superalgebras of depth 3. Re- 
garding simple Lie algebras as algebra of vector fields thus gives a unified 
description of the finite- and infinite-dimensional cases. In fact, the distinc- 
tion between finite and infinite dimension seems somewhat artificial. The 
Poincare and Hamiltonian algebras are examples of the two types, and yet 
they preserve very similar structures; the square length element and the 
symplectic two- form only differ in their symmetries. 

All results in this paper are formulated on the Lie algebra level, but they 
should readily generalize to the corresponding groups E$, Ej, Eq, F4 and Gi- 
Namely, if C dect(n) preserves some structure, G should be the subgroup 
of the diffeomorphism group Diff(C n ) that preserves the same structure. 
Moreover, I expect that the results can be globalized, i.e. that manifolds 
with exceptional structures exist in certain dimensions, just like symplectic 
and contact manifolds correspond to algebras of Hamiltonian and contact 
vector fields. 

Tensor calculus notation is used throughout this paper. Repeated in- 
dices, one up and one down, are implicitly summed over. Symmetrization 
is denoted by parentheses, a^hP^ = a % V + a?b l and anti-symmetrization by 
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brackets, a' l 6^ = a l V — a?b l . The Kronecker delta Sj and the totally anti- 
symmetric constant e lll ' 2 " ln with inverse ej 1 j 2 ..j n are the only invariant tensors 
under dect(n). 

The base field is C. 

2 Classical simple Lie algebras 

Consider C n with coordinates x l and let di = djdx 1 . The algebra of general 
vector fields dect(n), generated by vector fields £ = £'(x)dj, has the following 
infinite-dimensional simple subalgebras: 

Oect(n): Setting degx* = 1 gives dect(n) a grading of depth 1. The 
grading operator Z = x l di can be identified with dilatations. 

soect(n): Divergence- free vector fields which preserve the volume form 
V = dx 1 dx 2 ...dx n = e i j ^dx l dx^ ...dx k . Thus CxV = for all X € soect(n). 
Setting degx* = 1 gives sfcect(n) a grading of depth 1. The grading operator 
is Z = x l d{. 

f)(n), n even: Hamiltonian vector fields which preserve the symplectic 
two- form u = iOijdx l dx J , where the symplectic metric ujij = —ujji and its 
inverse w ,J are structure constants. Thus Cxuj = for all X € fy(n). A 
Hamiltonian vector field is of the form Hf = co^difdj where / is a function, 
and the bracket in f)(n) reads explicitly [Hf,H g ] = Hif g \, where the Poisson 
bracket reads {/, g} = u^difdjg. Setting degx* = 1 gives f)(n) a grading of 
depth 1. The grading operator is Z = x % di. 

fi(n + l), n even: Denote the coordinates of <C n+1 by t and x l , i = 
1,2, ...,n, and let do and di denote the corresponding derivatives. Con- 
tact vector fields preserve the space spanned by the contact one-form a = 
dt + uJijX l dx 3 , where u>ij are the same structure constants as in f)(n). Thus 
C-xot = fx®, where fx is some function, for all X € 6(n + 1). Setting 
degx* = 1, degt = 2 gives t(n + 1) a grading of depth 2. The generators at 
non-positive degree are 





/ 


Kf 


0-2 : 


t 


H = d , 


0-1 : 




Pi = di- Xid , 


00 : 


X i X j 


J%j — Jji — H~ 3Cj$ii 




t 


Z = 2td Q + x i d i , 



where Xj = idijX 3 . Jij generate sp(n) and Z computes the grading. 

Finite-dimensional simple algebras are subalgebras of gt(n), which in 
turn is the subalgebra of dect(n) that preserves the grading operator Z = 
x%, i.e. X e 0[(n) iff [Z,X] = 0. 
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al(n): X £ sl(n) if X £ soect(n) and [Z,X] = 0. dimsl(n) = n 2 - 1. 
ranksl(n) = n — 1. 

Sp(n), n even: X £ sp(n) if I G f)(n) and [Z,X] = 0. dimsp(n) = 
n(n + l)/2. ranksp(n) = n/2. 

so(n): The non-simple Poincare algebra poin(n) consists of vector fields 
which preserve the length element ds 2 = gijdx l dx^, where gij = gji are 
symmetric structure constants. so(n) is the subalgebra at degree 0, i.e. X £ 
so(n) if X £ poin(n) and [Z,X] = 0. dimso(n) = n(n - l)/2. rankso(n) = 
n/2 if n even and rankso(n) = (n — l)/2 if n odd. 

However, it is more interesting to describe these algebras together with 
a non-trivial grading. 

sl(n + 1): This algebra admits a grading of depth 1 of the form sl(n+l) = 
n* + (sl(n) + fll(l)) + n, where q±\ are described as sl(n) modules. The 
generators are 



0-1 : Pi = di, 

So : J] = x { dj - \b)x k d k , 

Z = x%, 
fli : K % = x l x k dk- 

The sl(n + 1) generators J„ are identified as 

Jo = Z, J] J] - -S}Z, 



(2.2) 



J? = Pi, 4 = -K l . 



(2.3) 



dims((n + 1) = n + n 2 + n = (n + l) 2 — 1. ranks((n + 1) = rankst(n) + 
rankg[(l) = n. 

Note that sl(n + 1) contains all vector fields from oect(n) of degree and 
— 1, so non-trivial conditions only appear in jji. X = X l {x)di £ sl(n + 1) iff 

(n + i)djd k x l = sfadkX 1 + sidjdtx 1 . (2.4) 

Since this is a second-order equation, s((n + l) does not preserve some multi- 
linear form, which would yield a system of first-order equations. Phrased 
differently, it is a partial prolong rather than a full prolong. Let T l - k be (the 
inhomogeneous part of) a connection, which transforms under dect(n) as 

£xT) k = -X l diT l jk + diX l T l jk 

2.5 

-djX^-dkX^ + djdtX*. 



sl(n + 1) preserves the subspace spanned by the traceless part of T l j k , 

^ = r} fc -^(^ + ^). (2.6) 



4 



Hence X € sl(n + 1) C dect(re) iff £x1jk = fiy k T mn for some X-dependent 
functions f^ jk . 

co(n) = so(n + 2): The conformal algebra co(n) admits a grading of 
depth 1 of the form so(n + 2) = n* + (so(n) + fll(l)) + n, where g±i are 
described as so(n) modules. The generators are 



0-1 : 
00 : 



Pi = di, 



z 



Ki 



x 



u, , 



(2.7) 



where xi = gijX 3 . co(n) preserves the space generated by the squared length 
element ds 2 = gijdx l dx J , i.e. it preserves the lightcone ds 2 = 0. The 
so (re + 2) generators are identified as 



J, 



oo 



Ji 



Z, 

P. 



•hi 



I J ! 

Ki. 



(2i 



dimso(re + 2) = n+ (n(n - l)/2 + 1) + n = (n + 2)(n + l)/2. rank so (n + 2) = 
rank so (re) + rankgl(l) = n/2 + 1 if n even. 

sp(re + 2), re even: This algebra admits a grading of depth 2 of the form 
sp(n + 2) = 1 + n + (sp(n) + gl(l)) + n + 1, where g±i and 0±2 are described 
as sp(ra) modules. More precisely, X £ sp(n + 2) if X G 6(n + 1) and 



^ = ft? 

for some X-dependent functions fE, where 



pi = dx [i dx^ +uj lj uj kl dx k dx l . 



The generators are 



(2.9) 



(2.10) 



0-2 

0-1 

00 

01 

02 



H = 
Pi-- 

Z = 
Ki 
A = 



: d , 

-- di - Xid , 

= Xj 

2td + x%, 
= Xitdo + XiX J dj — tdi, 
t 2 d + tx%, 



(2.11) 



where 3 . Note that the extra condition (|2.1()j) does not restrict the 

g_2 + 0-1 + 0o subalgebra, which is the same as (|2.1|) . One verifies that the 
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generators in (|2.11|) satisfy e.g. 

[P i ,P j ] = 2u Hj H, [A,Pi\=K h [H,A]=Z, 

[Ki, Kj] = -2w y A [H, Ki] = -Pi, [Pi, Kj] = J %3 - ui i5 Z. ' 

The sp(n + 2) generators are identified as 

^oo = H, J 0i = Pi, J q = Z, ^ 

dimsp(ra + 2) = f + n + (n(n + l)/2 + 1) + n + 1 = (n + 2)(n + 3)/2. 
ranksp(n + 2) = ranksp(n) + rankg[(l) = n/2 + f . 

3 General construction 

Consider C n+1 , n even, with coordinates t and x^, where fi = l,2,...,n. 
Denote the corresponding derivatives by do = d/dt and = d/dx^. A 
general vector field can be written as X = P^d^ + Q8q for some functions 
P^ and Q. 

Since n is even we can introduce a non-degenerate constant symplectic 
metric Vt^ = — n„„. The contact algebra t(n + 1) is the subalgebra of 
r>ect(n + 1) preserving the space spanned by the contact form 

a = dt + n^ u x fl dx u . (3.1) 

In other words, Cxot = fxot for some functions fx- This condition leads to 

P» = WD u f, Q = 2/ - x^f, (3.2) 

where / is some function and 

5 M = M + n^Q,. (3.3) 

Alternatively, t(n + 1) can be defined as the subalgebra of 0ect(n + 1) pre- 
serving the space spanned by D^. 

Now assume that the contact vector field X also preserves the subspace 
spanned by the bilinear form 

(3 ab = [3f v dx^dx u . (3.4) 

Hence we require that Cxf3 ab = 9cdP cd f° r some X-dependent functions <?^j. 
One checks that this leads to the additional conditions 

pfrdoP" = 0, 



(3.5) 
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In terms of the function /, this becomes 

WP(3f v d D p f = 0, 

The question is now whether a non-trivial bilinear form 1)3.4(1 exists. It 
is clear that the structure constants VL^ U and must be built from natural 
constants only. If go can be described as s((n) plus some s((n) modules, the 
only such constants are e n * 2 " 4 " and e^..^; if go includes spin), we may also 
use the symplectic metric Uij and its inverse (J 13 . 

One bilinear form can always be constructed: 

= dx^dx^ + n^n pa dx p dx a . (3.7) 

The algebra which preserves the spaces spanned by a and this j3 pv can be 
identified with sp(n + 2), cf. (|2.1U() . In the next five sections similar bilin- 
ear forms corresponding to the five exceptional Lie algebras are described. 
Although I only prove that bilinear forms yield the correct g_2 + fl-i + 0o 
subalgebras, I have no doubt that the exceptions can be described in this 
way; that it is possible to write down an exceptional bilinear form for each 
exceptional Lie algebra is highly non-trivial. Moreover, vector fields that 
preserve some structure do generate a subalgebra automatically. 

One can also look for exceptional subalgebras of a conformal algebra 
co(n) = so(n + 2) instead of a contact algebra. Rather than preserving the 
contact form ((3.1(1 up to a function, such vector fields preserve a lightcone 

ds 2 = Q iiV dx il dx v = 0, (3.8) 

where Q pv = Q up is a symmetric metric. Such realizations, necessarily of 
depth 1, are given for and z§ in Sections and It is known that c§, f4 
and 02 do not admit gradings of depth 1. 

4 eg, depth 2 

According to [2], ts admits a grading of depth 2: 
e 8 = l + 56 + (e 7 + S [(l)) + 56 + l 

(4.1) 

= l + (28 + 28*) + (sI(8) + 70 + flI(l)) + (28 + 28*) + l, 

where the subspaces are described by their decomposition as t-j and st(8) 
modules, respectively. Note that dimc7 = 133 and dims((8) = 63, so 
dimes = 248. rankes = ranke7 + rankg[(l) = 7 + 1 = ranksl(8) + 
rankfll(l) = 7+1 = 8. 
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Consider C with coordinates t, x lJ = —x 3% and Xij = —Xji, where i, j 



J *3 



1,2, ...,8. Denote the corresponding derivatives by 8q = d/dt, dij = d/dx 13 
and d 13 = d/dxij, where d k ix %3 = d tJ x k i = 8 k \ = S z k Sj — 5 3 k 5\ 
The generators of g_2 + 0-1 + 0o are 

0-1 : Aj = dij + %3 , 

= m - x i3 d , 



(4.2) 



00 : Jj = x lk 8 3k - x jk & k - i5){x kl d kl - x kl d kt ), 

rnjkl ^.[ijftkl] ijklmnpq^ f) 

Z = 2td + \x li dij + \xijf&. 

The subspace 31 + Q2 is described in 0; the explicit description is very 
tedious. Fortunately, it suffices to know g_2 + 0-i + 0o to determine the 
preserved structures. Define 

a 

pijkl = dx [ij dx kl] +e ijMmnpq dx mn dx pq . l '" >> 

a is the contact one-form and the bilinear form (3 ljkl = [3 kh] is totally 
antisymmetric. By direct calculation one shows that 

C>xol = fa, 

(4.4) 

for some X-dependent functions / and gtbnpq- ^8 can thus be described as 
the subalgebra of Dect(57) which preserves the spaces spanned by a and 

gijkl _ 

Moreover, the generators in ()4.2|) are the only vector fields of degree < 
with this property. To see this, note that contact algebra 6(57) consists of 
vector fields that preserve the Pfaff equation a = 0. All such vector fields 
can be written in the form 

X = K f = EFfDij - DijfEV + 4fH, (4.5) 

where / is a function and 

= 8^ - Xijd , 1-y = B ij + x ij d . (4.6) 

In particular, vector fields of degree < —1 correspond to functions of degree 
< 1, i.e. 

K\ = 4H, K xij = -2E», K Si . = 2D iy (4.7) 



It remains to ensure that the vector fields of degree zero, corresponding to 
the functions x tJ x kl , x tJ x k i, xax k i, and t, are restricted to Jl G ijkl and Z. 
This is accompished by the second condition in ([4.4)1 . 
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5 tj, depth 2 



We obtain a realization of ej from the previous section by restriction sl(8) — ► 
sl(4) + s((4): 

e 7 = 1 + (16 + 16*) + (sl(4) + 5l(4) + 36 + + (16 + 16*) + 1, 

where the subspaces are described by their decomposition as s[(4) + st(4) 
modules; see 0, Eq. (32). Note that dimsl(4) = 15, so dime7 = 133. 
ranke 7 = ranksl(4) + ranksl(4) + rankgl(l) = 3 + 3 + 1 = 7. 

Consider C 33 with coordinates t, x l a and xf, where i,j = 1,2,3,4 and 
a, b = 1,2,3,4 are two different sets of indices. Denote the corresponding 
derivatives by do = d/dt, df = d/dx l a and d l a = d/dxf, where d^x\ = 

The generators of g_2 + g-i + go are 

0_ 2 : H = d 

fl_i : £>? = 9? + xfd , 

K = di-x^do, 

00 : I) = xi&? - xffi - \5)(x k a dt - xtd k a ), (5.1) 

J 6 — x i u b JL b U i i°b\ X i U c ■ L c u i)i 
^afc - ^[a^fe] 6 e abcdX k X l , 

z = 2ta + <a? + a* . 

Again, it suffices to know g_2 + 0-i + 0o to determine the preserved struc- 
tures. Define 

ol — difj | x Q^diC a x '4 dx f, , 
0ab = dx\jx^+e^ kl e abcd dx c k dxt 

a is the contact one-form and the bilinear form f3 z J b = (3^ a is symmetric. By 
direct calculation one shows that 

= fa, 

(5.3) 

r^RV - n tj ' cd fl kl 
L XPab ~ 9 k i\ ab Pcdi 

for some X-dependent functions / and ff^K- ^7 can thus be described as 

the subalgebra of 0ect(33) which preserves the spaces spanned by a and l ^ b . 
The proof that (|5.3|) uniquely singles out (|5.1|) among all vector fields of 
degree < is completely analogous to the eg case. 
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6 tQ, depth 2 

According to Eq. (33), z§ admits a grading of depth 2: 

e 6 = 1 + 20* + («I(6) + fl[(l)) + 20 + 1, 

where the subspaces are described by their decomposition as sl(6) modules, 
respectively. Note that dimsl(6) = 35, so dime6 = 78. ranke6 = ranksl(6) + 
rankfll(l) = 5 + 1 = 6. 

Consider C 21 with coordinates t, x^ k = —x^ lk = x J , where k = 
1,2, ...,6. Denote the corresponding derivatives by do = d/dt and = 

d/dx tjk , where di mn x ljk = 5 l ^ n = sfsjS^,. 
The generators of g_2 + 0-i + 0o & r e 



Let 



3-2 

3-1 

00 



a 

n ijk\lmn 

n ijk\lmn 
02 

pijk\lmn 



H = 8 

-L^ijk u ijk ' t ijklmnX t/Q, 

Z = 2td + W jk di 



" j — x u jkl 6 i 1 



(6.1) 



■>0 "I- e- 



ijk j Imn 



"ijk' 



dt + 

€ijklmn% dx 

dx ijk dx lmn + dx lmn dx ijk , 



e pqrs tu(e ijlmnq dx krs dx ntu + [ijfc] + H), 

n ijk\lmn , n ijk\lmn 
01 +02 



(6.2) 



where [ijfc] and [Imn] stand for terms needed for proper antisymmetrization. 
The bilinear form ft l 3 k \ lmn has the symmetries 



pijk\lmn 

One shows that 



-0 



jik\lmn 







>jki\lmn 



plmn\ 



ijk 



(6.3) 



£xa = fa, 

(6-4) 

r- nijk\lmn _ ij k\lmn rmqr\stu 
t - x P - 9 pqr \ stu P , 

for some X-dependent functions f and ( /- ?fe ' J ™ n . eg can thus he described 
as the subalgebra of dect(21) which preserves the spaces spanned by a and 

pijk\lmn 
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7 f 4 , depth 2 



According to 0, Eq. (34), f4 admits a grading of depth 2: 



fi 



l + 14+(ap(6)+fl[(l)) + 14 + l, 



where the subspaces are described by their decomposition as sp(6) mod- 
ules, respectively. Note that dimsp(6) = 20, so dimf4 = 51. rankf4 = 
ranksp(6) + rankgl(l) = 3 + 1 = 4. Since go = sp(6) + g[(l) preserves the 
symplectic two- form u>, we can use the structure constants ujij = —Uji to 
lower indices and the inverse u lJ to raise them, e.g. a, = u%a*, b l = uj tJ bj. 



Consider C 15 with coordinates t, x % i k 



-x- 



c^ kl , where i, j, k 



1,2,..., 6 and LOijx^ = for all k. The number of x indeterminates is 
thus 20 — 6 = 14. Denote the corresponding derivatives by do = d/dt and 
d ijk = d/dx t]k , where u ij d ijk = 0, d [mn x l3k = tf£ n = SfSfS^. 
The generators of g_2 + g~i + go are 



0-2 
0-1 
00 



h = a 

'ijk ~ 



UiAk "ijk ~r tijklmn^ ^0? 



■J, 



'.I 



LOi^X m djl m + LOjkX m diu 



Z = 2td + \x^ k d iAk . 



ijk- 



(7.1) 



Let 



a 

pijk\lmn 

n ijk\lmn 
02 

aijk\lmn 



dt -\- €ijklmn% ^ dx , 

dx ijk dx lmn + dx lmn dx ijk , 
e pqrs tu{e ijlmnq dx krs dx ntu + [ijk] + [Imn]), 

n ijk\lmn , n ijk\lmn 

&{ +/3 2 , 



(7.2) 



where [ijk] and [Imn] stand for terms needed for proper antisymmetrization. 
The bilinear form ^i fc l' mn has the symmetries 



pijk\lmn pjik\lmn pjki\lmn plmn\ijk 

One shows that 



(7.3) 



fa, 

ijk\lmn apqr\stu 
"pqr\stu " 



(7.4) 



for some X-dependent functions / and 9^^- f4 can thus be described 
as the subalgebra of oect(15) which preserves the spaces spanned by a and 

pijk\lmn 
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8 02 ? depth 2 

According to 2j, Eq. (35), 02 admits a grading of depth 2: 

02 = l + 4 + (sl(2)+0[(l))+4 + l, 

where the subspaces are described by their decomposition as sl(2) modules, 
respectively. Note that dimst(2) = 3, so dim 02 = 14. rank 02 = ranksl(2) + 
rank0[(l) = 1 + 1 = 2. 



Consider C 5 with coordinates t, x^ k 



jik 



, where k = 1,2. 



Denote the corresponding derivatives by do = d/dt and = d/dx 13 , 
where di mn x l3k = 5\^ n = 5f5 J m 5%. 
Define the structure constants 



^ijk\lrrin — ^il^jm^kn ~i~ ^jl^km^in ^kl^im^jn 



which satisfy 



^"ijk\lmn 



^jik\lmn 



^jki\lmn 



-n 



lmn\ijk- 



The generators of 0_2 + 0-i + 0o are 

H = d 



3-2 

3-1 

00 



D 



ijk 



ijk\lmn-' 



ji — rgikl Q 1 xi ^klm 



Ivan pi 



Let 



a 



n ij\kl 

Pi 
0i 







ij\kl 



Z = 2t8 + \x» k d ijk . 

dt + Qijk\lmn% ' ^ dx , 

e mp e nq {e ik dx jmn dx lpq + e jk dx mn 

+e il dx jmn dx kpg + e jl dx imn dx kpq ), 
pW + pij\kl_ 



dx lpq 



+ 



The bilinear form /3 ij \ kl has the symmetries 

_ pji\kl _ _£jkl\ij 



One shows that 



fa, 

ij\kl 
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mn\pq 
ij\kl 



mn\pq 



U) 



1.2) 



1.3) 



(8.4) 



1.5) 



(8.6) 



for some X-dependent functions / and 9^ n t pq - 02 can thus be described as 
the subalgebra of t>ect(5) which preserves the spaces spanned by a and (5 l]]{kl . 
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9 tj, depth 1 

According to Eq. (37), z-j also admits a realization of depth 1: 
z 7 = 27 + (e 6 + gl(l)) + 27 

(9.1) 

= 27 + (sp(8)+42 + g[(l))+27, 

where the subspaces are described by their decomposition as z% and s[(8) 
modules, respectively. Note that dime6 = 78 and dimsp(8) = 36, so 
dime7 = 133. rankcy = rank eg + rankg[(l) =6 + 1 = 7. However, 
ranksp(8) + rankgl(l) = 4 + 1 = 5. 

Since go contains sp(8) we have access to a symplectic metric u>ij = —tOji. 
It can be used to lower indices and its inverse oj ij raises them: 
and b l = u^bj. 

An tf realization is obtained from the z$ realization in Section 21 by 
imposing the conditions 

Xij = uj ik ujjix kl , iVijX tj = 0. (9.2) 

Upon this restriction, the contact form in 1)4.3(1 becomes 

a = dt + ^x lj L0ikUJjidx H - \u) ik u:^x ki l dx lj = dt. (9.3) 

It is thus not possible to write down an interesting contact form. However, 
with the structure constants at our disposal we can construct the metric 

Gijkl — ^ijklmnpq^ , (9-4) 

which is totally antisymmetric, in particular 

Gijkl = —Qjikl = Gklij- (9.5) 
We can thus consider vector fields that both preserve the lightcone 

ds 2 = g ijH dx ij dx kl = (9.6) 

and the space spanned by ^ from (|4.3|) . Since such vector fields form a 
subalgebra of CO (27), this realization is of depth 1. 
The generators of g_i + go are 



0_i : Dij = i), 

(9.7) 



'13 — "ij , 

00 : Jij = Jji = ^>ikX kl djl + LOjkX kl du, 

/~iijkl rJ[ij Pikl] ijklmnpq a 

l_r — X u t XfnnUpqi 



Z — 2 X ^ ^ij ' 
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Define 



ds 2 = Gijkidx lJ dx kl , 
pijkl = dx^dx kl ^ +e ijklmnpq dx mn dx pq , 

where dx$j = uj^uj j\dx kl ' . One shows that 



Cxds = fds , 

f n ijkl omnpq 



(9.8) 



(9.9) 



imnpqr 

for some X-dependent functions / and glin Pg . t-j can thus be described as 
the subalgebra of t>ect(27) which preserves the spaces spanned by ds 2 and 



10 e6, depth 1 

The same idea as in the previous section also gives a restriction z-j — > z§ 
when applied to the t-j realization in Sectional 

e 6 = 16 + (sp(4)+sp(4) + 25 + [(l)) + 16, 

where the subspaces are described by their decomposition as sp(4) + sp(4) 
modules. Note that dimsp(4) = 10, so dimc6 = 78. ranke6 = 6 but 
ranksp(4) + ranksp(4) + rankgl(l) = 2 + 2 + 1 = 5. 

Since go contains sp(4) +sp(4) we have access to two symplectic metrics 
ojij = —ojji and w a b = —Wb a an d their inverses, which can be used to raise 
and lower indices: a» = iOika k , b a = w a bb b , c 1 = io ik Ck, d a = w ah d^. 

This realization is obtained from the realization by imposing the con- 
dition 

x\ = UijVj ah x{. (10.1) 

Upon this restriction, the contact form in (|5.2|) becomes 

a = dt + UijVJ ab x l a dx{ - uJijW ab x{dx l a = dt. (10.2) 

It is thus not possible to write down an interesting contact form. However, 
with the structure constants at our disposal we can construct the metric 



r>ab , abed, /in Q\ 

y%j = t-ijklt V ^cd, [10.6) 



which has the symmetries 



Qf, = -Qt = -g# = Q*. (10.4) 
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We can thus consider vector fields that both preserve the lightcone 

ds 2 = Qfjdx l a dx{ = (10.5) 

and the space spanned by 0^ from (|5.2|) . Since such vector fields form a 
subalgebra of co(16), this realization is of depth 1. 
The generators of + 0o are 

fl-i : D? = df, 

00 : hj = Iji = W ik xl&t + UjkXadf, 

jab = jba = w ac x i c Qb + ^bc^Qa ? ( 106 ) 



x l a df. 



Define 



ds 2 = gfidxidxi, 

(5% = dx\ a dx§+^ kl e abcd dxidxt 

where dx" = 0JijW ab dx J b . One shows that 

Cxds 2 = fds 2 , 



(10.7) 



(10.8) 



for some X-dependent functions / and <?^j^- ^6 can thus be described as 
the subalgebra of t>ect(16) which preserves the spaces spanned by ds 2 and 
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